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which, using (5), gives
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This is an expansion of G(n) in spherical harmonics.
Now
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Therefore, the contribution this atom makes to the
average intensity per molecule from the whole as-
semblage is
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Here subscripts 7 have been added to all quantities
referring to the particular atom considered. The
average intensity per molecule is therefore

I(r*,6%) = J'Ii(r*,0%) ,

where the summation is taken over all atoms in the
Patterson fold of the real molecule.

Two things about this summation should be noted.
First, since d; always occurs together with r* as the
product r*d, a change in the value of d leaves the
form of I(r*, 6*) unchanged and the effect can be
regarded as a change in the scale of 7*. A similar
remark is true of the previous example. Secondly,
the contribution of the large atom at the origin of the
Patterson fold is large, positive and constant, and
will therefore prevent I(r¥*, 6*) from becoming
negative, as it would do otherwise.

The method of this paper is to express G(n) ete.
as spherical harmonic expansions. This is the
mathematical form most suited for averaging a
function over various orientations about a fixed
point. In this paper the function so averaged is
G(n). This choice is dictated by the physics of the
problem. The averaging process can be applied equally
well to F(n), the Fourier transform of the molecular
density, to give a mean structure factor (Zachariasen,
1945, p. 223) though in certain problems difficulties
may arise from phase factors.

The author is indebted to Prof. P. P. Ewald, who
suggested this problem, for advice and encouragement
and to The Queen’s University of Belfast for the
award of a Senior Studentship.
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A graphical method for applying Harker-Kasper inequalities to structure determination. By
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(Recerved 20 March 1952)

For a centro-symmetrical structure, the inequalities of
Harker & Kasper (1948) permit us to determine the signs

of structure factors or to deduce relations among them.
One important inequality generally applicable to a centro-
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symmetrical structure is
(UgtUg)? < (1+Ug+a:)(1+Us-g") , (1)

where Ug is the unitary structure factor for the reflexion
H = hkl. Since the computational application of (1)
involves multiplication, it is rather tedious to deal with
such a great number of combinations of Ug’s appearing
in (1) as is necessary in an actual procedure of sign
determination. In view of this fact, a graphical method is
devised which requires no computation and is convenient
to use.
Putting

[Ual+|Ug| =k, 1+|{Upym| = X, 1+|Ug-g| =Y,
it follows from (1) that the allowed values of X and ¥
must satisfy the inequality

k< XY, (2)

which requires that the values of X and Y satisfying it
must lie on the positive side of a rectangular hyperbola
xy—k? = 0. In Fig. 1 we draw this rectangular hyper-
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Fig. 1. Chart for the graphical method. For the sake of mere
illustration hyperbolas are drawn at intervals of 0-2 for
varying values of k. Four cases (@), (b), (c) and (d) are
distinguished by varying the value of %, |Upi+m’| and
|Ug—_g’| being held constant.

bola and take four points A, B, C and D so that their
co-ordinates, referred to the point O’ (x = 1, y = 1) as
origin, are respectively four possible combinations of
+|Un+m’|, £|Un_g’|. Here we may arbitrarily assume
that |Ugyp’| > |Ug—g’]. Then, among the four points,
only those lying on the positive side of the hyperbola
can be allowed, and from this, without any computation,
we can readily find a relation among the signs of
Ug, Ug', Ugyn’ and Ug_gr. This is the principle of the
graphical method.

Since a rectangular hyperbola is symmetrical with
respect to the straight line x = y (0O’ in Fig. 1), only
one half of the diagram, say the portion bounded by the
« axis and the line 00’, will suffice in practice, and the
points C and D can then be taken at the respective
symmetrical points ¢’ and D’.

A chart was constructed consisting of rectangular
hyperbolas drawn for varying values of k from 0-2 to 18
at intervals of 0-02, which proved to be sufficient for
practical purposes.

According to the relative magnitudes of k, |Ug.g/| and
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|Un—g-|, four cases can arise and are shown in Fig. 1 as
cases (a), (b), (c) and (d). Let Sy be the sign of Ug. Then,
remembering that Spig’ is the sign of the larger one
between |Ug,g-| and |Ug_g-|, it can easily be shown that
the conclusion drawn for each case is as follows:

Case (a): SH+H’ = SH—H’ = SHSH'.

Case (b): Syyn = SuSg', Sy_y- undetermined.

Case (c): Sgyn’ and Sg_g’ cannot be equal to —SySy-
at the same time.

Case (d): no conclusion.

In Uy or Ug- is zero, only case (c) or (d) is possible, and
for case (c) the point 4 is not allowed. The conclusion
for case (c) is therefore Syig' = —Sy_p-.

So far only the value of k = |Ug|+|Ug-| has been
considered. Now, putting

k' = |[Ugl—|Ug| ,

it is readily seen that for the values of k' only either
of two cases corresponding to the above (¢) and (d) is
allowed, which we designate as (¢’) and (d’). Moreover,
the allowed combinations of the former four cases with
these two are only those listed in Table 1, where the
conclusion drawn for each combination is also given.

Table 1. Possible cases and conclusions for the use of the
inequality (1)
{Ug+r’l > |Ug—g’| is assumed.

Grison’s
clagsification
Sa+a'=SA-r'=SESH E>B>D>F
Sa+a'=8SuSy’, Sgyp'=—Sg-g# E>C>F>D
Sa+H'=SESA’,SH_p’undetermined E > C> D> F
SHya'=—SH-B' E>F>D
Su+n'=8SH_pg'=—SpSg'notallowedE > D > F
None

Case Conclusion

(@) (@)
®) ()
(6) (@)
{c) (¢
(e) (@)
(d) (@)

During the preparation of this manuscript the paper of
Grison (1951) appeared, in which a similar table for using
the inequality (1) has been given. In Table 1 his clas-
sification of the various cases is added in terms of his
notation for comparison.

The results of sign determination are obtained in the
form, for example, Sgig-=SySy’. Without the knowledge
of the relation between Sy and Sy, Sysn’ cannot be
uniquely determined. If we choose, as is possible in many
cases, the pairs of Ug and Upg- of which the relations
between the signs are fixed by space-group symmetry,
Spig’ can be determined as either 41 or — 1. Further,
even if the relations between Sy and Sg- are unknown,
the results are expressed by introducing parameters
a,b,¢, ..., and some of these parameters can be deter-
mined in due course in the manner shown by Gillis (1948).
In this connexion it should be remarked that a definite
number of arbitrary parameters must be involved in the
final results according to the number of possible ways of
choosing the origin, and to these parameters we can
arbitrarily assign +1 or —1. This point must be taken
into account before proceeding to sign determination.

We have so far confined ourselves to the inequality (1).
It is noted, however, that the same graphical method
can be used in applying other inequalities which are of
the type (2) or a special case of it.



548

The graphical method was used to determine the signs
of F(hk0)’s and F(0Okl)’s of tetragonal ethylenediamine
sulphate. Using the above-mentioned chart, together
with the inequality (1), the signs of 21 out of 31 F'(hk0)’s
and those of 38 out of 57 F(0kl)’s could easily be deter-
mined, and it was possible to make at once Fourier
projections on (001) and (100). Details of the structure
determination will be published later.
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The habit plane of the zirconium transformation. By A.J.J. van GINNEEREN and W. G. BURGERs,
Laboratory for Physical Chemistry, Technical University, Delft, The Netherlands.
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In connection with a recent investigation by Bowles
(1951) concerning the habit plane of the f-« lithium
transformation, we have carried out an analogous in-
vestigation of the habit plane of the zirconium trans-
formation. These transformations have the same cry-
stallographic character, both with regard to lattice type
(body-centred cubic to close-packed hexagonal) and
orientation relationship ({110}5]|{0001},; [111]5||[1120],).

For lithium Bowles found the habit plane to be
approximately {144} of the cubic lattice. As the mechanism
proposed by Burgers & Jacobs (1934) for zirconium in-

- volves as the principal shear a shear parallel to a {211}
plane of the cubic lattice, the habit plane found for
lithium cannot be directly understood on the basis of
this mechanism. Therefore, as Bowles suggests, the
possibility must be envisaged that the Burgers mechanism
proposed for zirconium must be revised.

For our measurements we employed the original
material used by Burgers & Jacobs when determining
the orientation relationship between the two lattices in
the zirconium transformation, namely, two crystals
prepared by de Boer and Fast by thermal decomposition
of ZrJy; on a core wire at a temperature above the
transition point (4-862° C.). Prepared in this way, these
two ‘crystals’ were cubic single crystals (cubic in the
parent phase); they had the form of rods of about 1 em.
length and 1 mm. thickness, one with a six-sided and one
with a four-sided cross-section. On grounds, given in
Burgers’s paper, it was assumed that the lengths of these
rods were originally parallel to a [111] direction and a
[001] direction respectively, whereas the side-faces of
both rods were parallel to {110} planes.

Several faces of both rods, which in their present state
at room temperature consist of aggregates of definitely
oriented hexagonal crystallites, were etched with etchant
No. 3 (Roberson, 1949) and the directions of the relief
effects observed on the surfaces were measured. The
accuracy of these measurements lies within 2°. Fig. 1
shows an example of an etched surface.

By plotting in stereographic projection the zones that
were normal to each of the traces and determining their
common point of intersection in a way analogous to that
followed by Bowles, we found in the case of the six-sided
rod that the habit plane was either {569} or {145}. The
ambiguity between these two possibilities arises from the
fact that, for a particular {110} boundary face, it is not
known which of the two [111] directions in this plane
coincides with the axis of the rod. Dependant on this

choice the chosen plane can be considered as ‘right’ or
‘left’.

This ambiguity does not present itself with the four-
sided rod, as the length in this case is the only [001]
direction in a {110} plane. We therefore hoped to solve
the alternative with the aid of this rod, but unfortunately,
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Fig. 1. Traces of habit plane on a {110} plane of & transformed
single crystal of cubic zirconium, obtained with Roberson’s
etching reagent No. 3. Schematic drawing from actual
photograph (magnification 50X ).

for reasons unknown, we did not succeed with this rod
in obtaining such well defined traces as with the six-
sided one.

In an effort to solve this alternative we took the traces
on adjacent boundary faces of the six-sided rod in pairs,
considering each pair as the intersection of the habit
plane with the two adjacent surfaces, and determined the
poles of the planes of intersection for each of the two
abovo-mentioned possibilities. For the possibility that
gave {569} for the habit plane according to the method
described above, the poles corresponding to the planes
of intersection, while exhibiting a weak spreading, had
—in stereographic projection—a ‘centre of gravity’ very
close to {569}. For the other possibility not only was the
spreading large, but also the point {145} lay outside
the region enclosed by the poles. However, we do not
want to stress this point too much.

We may conclude that our measurements agree with
those of Bowles in so far as both point to a habit plane
for the transformation of a cubic body-centred into &
close-packed hexagonal lattice with rather complicated



